We prove a new rigorous upper bound on the vertical heat transport for Bénard-Marangoni convection of a two-or three-dimensional fluid layer with infinite Prandtl number. Precisely, for Marangoni number Ma 1 the Nusselt number Nu is bounded asymptotically by Nu Ma 2/7 (ln Ma) −1/7 . Key to our proof are a background temperature field with a stably stratified hyperbolic profile near the fluid's surface, and new estimates for the coupling between temperature and vertical velocity.
1
3 with a Pr-dependent prefactor when Ma 1 and the flow is turbulent. Twodimensional direct numerical simulations (DNSs) with stress-free boundaries at low Pr support this scaling [5] , but no-slip boundaries in either two or three dimensions yield smaller powers of Ma [6] . Two-dimensional free-slip DNSs at both high and infinite Pr also suggest a smaller exponent. Assuming steady convection rolls are stable at arbitrarily large Ma, a boundary-layer scaling analysis predicts Nu ∼ Ma 2 9 in the infinite-Pr limit [7] . Rigorous results, derived directly from the governing equations without introducing unproven assumptions, are key to substantiate or rule out any of these heuristic scaling arguments. By expressing the temperature field in terms of fluctuations around a carefully chosen steady "background" temperature field, Hagstrom & Doering [8] proved that Nu Ma 1 2 uniformly in Pr when this is finite, and Nu Ma 2 7 for Pr = ∞. These bounds are consistent with all aforementioned theories, but the question remains of whether they are sharp-meaning there exist convective flows that saturate them-or can be improved.
Recently, numerical optimization of the background temperature field for Ma ≤ 10 9 suggested that Hagstrom & Doering's bound for the infinite-Pr case can be improved at least by a logarithm [9] . Precisely, the best bound available to the "background method" for Ma 1 appears to be Nu Ma In this Letter, we prove analytically that logarithmic improvements to a power-law bound with exponent 2/7 are indeed possible. Specifically, we show that Nu Ma when Ma 1.
We do this by combining the careful construction of an asymmetric background temperature field, inspired by the optimal profiles from [9] , with new estimates for the coupling between temperature and vertical velocity. These differ fundamentally from the estimates that apply to infinite-Pr Rayleigh-Bénard convection [10] [11] [12] due to the different boundary conditions for the velocity field. The relevance of our result is twofold. First, it is the best rigorous scaling result available to date for Bénard-Marangoni convection at infinite Pr. Second, its proof highlights a subtle balance between the width of a nonlinear boundary layer in the background temperature field near the bottom boundary, which drives the asymptotic scaling of Nu, and the stabilizing effect of a stably stratified layer near the fluid's surface. Interestingly, such layers also characterize the mean temperature profiles observed in DNSs, which suggests a similar balance may drive the heat transport in physically realized flows.
The model-We consider a d-dimensional layer of fluid (d = 2 or 3) in a box domain with horizontal coordinates
In the infinite-Pr limit, Pearson's equations for Bénard-Marangoni convection [13] become
Here, u(x, z, t) = (v(x, z, t), w(x, z, t)) is the velocity vector field with horizontal and vertical components v and w, respectively, T (x, z, t) is the scalar temperature and p(x, z, t) is the scalar pressure. We assume that all variables are periodic in the horizontal directions, while
where ∇ x denotes the horizontal gradient. The steady solution u = 0, T = −z, p = const. corresponds to a purely conductive state; it is globally asymptotically stable for Ma ≤ 66.84 [14] and linearly stable for Ma ≤ 79.61 [13] . For larger Marangoni numbers convection ensues, and the velocity field can be completely slaved to the temperature. Precisely, letŵ k andT k be any Fourier modes of the vertical velocity and temperature, respectively, with horizontal wavevector k of magnitude k. (These are unique when d = 2 but not when d = 3.) One finds [8] 
where, setting h(x) = sinh x x for convenience,
Key to proving (1) are the following new bounds for the temperature-velocity coupling in (4), which are proven later and hold for any fixed 0 ≤ β < 1 and k ≥ 0. First,
where
Bound on the Nusselt number-Denote the horizontal and long-time average of a quantity q(x, z, t) by
Our interest is to derive a Ma-dependent upper bound on the Nusselt number, i.e., the ratio of the total vertical heat flux to the purely conductive one:
To bound Nu, we follow [8] and write the temperature field as the sum of a steady background field τ (z), which satisfies the inhomogeneous BCs in (3a) but is otherwise arbitrary, and a fluctuation θ(x, z, t) satisfying
Primes denote differentiation in z. It is shown in [8] that
where · 2 denotes the usual L 2 -norm. At this stage, suppose the background field τ is chosen such that
for all time-independent trial fields θ = θ(x, z) that are horizontally periodic and satisfy (9c), with w = w(x, z) being a function of θ defined in Fourier space according to (4) . This can be interpreted as a nonlinear stability condition for τ as if it were a solution to (2a)-(2c) [15] . Then,
where τ (0) = 0 is used to obtain the second equality. If the right-hand-side is positive, inverting this lower bound produces a finite upper bound on Nu. A background field τ is now constructed which gives (1) when Ma 1. Proof of main result-The BC τ (0) = 0 can be dropped because τ can always be shifted by a constant without affecting (10) and (11) , which depend only on τ . Moreover, the BC τ (1) = −1 can be ignored because it can be enforced at the end by modifying τ in a infinitesimally thin layer near 1 without affecting our bound on Nu. Given these observations, and motivated by the profiles in [9, Figure 4 ], we choose
where δ < 1 2 , s > 0, and ξ(z) is a non-negative function to be specified later. With ξ(z) = 0 and s → 0 this choice yields the piecewise constant profiles studied in [8, 9] .
By expanding θ and w as Fourier series in the horizontal directions, using (4) and |f k | = −f k , it can be shown [8, 9] that the marginal stability condition (10) holds if and only if the quadratic form (13) is non-negative for all k > 0 and all real-valued functionŝ θ k (z) subject to the homogeneous BCŝ
Since Q τ k {θ k } is homogeneous, it can be assumed without loss of generality thatθ k (1) ≥ 0.
Using (12) and dropping the term k 2 θ 2 we obtain
The fundamental theorem of calculus, (14) , and the Cauchy-Schwarz inequality implŷ
where we have introduced the notation
Estimate (6) and the definition of η(z) yield
while the Cauchy-Schwarz inequality gives I 1 2 ≤ √ I 0 I 1 . Substituting these estimates into (17), and recalling that a quadratic form ax 2 − 2bxy + cy 2 is non-negative for all x, y if |b| ≤ √ ac, we conclude that
This inequality holds for all k > 0, as required, if ξ(z) and δ are such that, for some constant c ∈ (0, 1),
To achieve this, motivated by the numerically optimal background fields in [9, Figure 4 ] we let
where the parameters ε, γ, ω > 0 are to be determined as functions of Ma subject to the constraint ε < γ ≤ The upper bound on |f k | in (7) gives
while the lower bound on |f k | in (7) for β = 1 − γ yields
Recalling the definitions of f k and α(δ, k), the last two estimates imply that conditions (19a) and (19b) hold, respectively, if
Observe that the right-hand side of (21b) is strictly positive because z → h(z) is increasing, so for all γ, δ ∈ 0,
Finally, if (21a,b) hold, then (11), (12) and (20) give
Maximising the right-hand-side of (23) over δ, ε, γ, s, ω and c subject to (21a), (21b) and the constraints δ < 1 2 , ε < γ ≤ 1 2 and 0 < c < 1 is hard analytically, but can be done numerically. The results, plotted in Fig. 1 , suggest that the optimal parameters saturate (21a) and that γ → 0 as Ma → ∞ to facilitate a larger value of δ via (21b). Given the numerical results and (22), we set
and either γ = (ln Ma) 1 7 if Ma 1, but γ = (ln Ma) −1 gives a better prefactor. The same scaling is observed with numerically optimized parameters. Note that the asymptotic bound depends on δ alone and is minimized when ωε 2 is as large as possible, while the individual values of ω and ε only affect higherorder corrections. This justifies our choices in (24a) even though the optimal ω increases with Ma. Full solution of the asymptotic problem is beyond the scope of this Letter. However, only elementary algebra is needed to conclude that s = Estimates on f k -Finally, we prove (6) and (7) . For the lower bound in (7), observe that the functions h(kz) and h(k (1 − z) ) are, respectively, increasing and decreasing on [β, 1] for any fixed k > 0 . Thus,
increases on [β, 1], which yields the lower bound.
For the upper bound in (7), rewrite (5) as 
which, by (25), proves the upper bound in (7) . Finally, to show that (6) holds, use the definition of h and the inequality 1 ≤ x coth x ≤ 1 + This estimate, (5), and |f k | = −f k give
The upper bound (6) follows since h is increasing, which implies h(kz) ≤ h(kβ), z ∈ [0, β].
